Permutation groups are applied to analyze the symmetries of pentaquark states. All possible quark configurations of the color, flavor, spin and spatial degrees of freedom are worked out in the language of permutation groups, and the corresponding wave functions are constructed systematically in the form of Yamanouchi basis. The pentaquark spatial wave functions of various symmetries, which are derived in the harmonic-oscillator interaction, are applied as complete bases to evaluate the low-lying light q 4 q pentaquark mass of all configurations, where the Cornell-like potential is employed.
I. INTRODUCTION
In the past decades, hadron physicists have spent great efforts in hunting for evidences of the multiquark states. Since the arguable state of Θ + (1540) was proposed as the first observed pentaquark, tremendous progress on the experiment and theoretical explorations of the multiquark states have been achieved. No need to mention the large amount of XYZ tetraquark candidates, in the recent years the LHCb Collaboration has reported and confirmed the observation of three narrow pentaquarklike states, P c (4312) + , P c (4440) + and P c (4457) + . All the three pentaquark-like states may have the quark content of uudcc [1-3], but their internal structures as well as quantum numbers are still unclear.
Group theory approach has been applied to construct the pentaquark wave functions and study the role of pentaquark components in baryon [4] [5] [6] [7] [8] [9] [10] [11] . However, the construction of high-order spatial wave functions of pentaquark states in various permutation symmetries has been a challenge. In this work we systematically construct in the group theory approach the pentaquark wave function in the form of Yamanouchi basis, including highorder spatial excitations. All the basic notations have been introduced in the previous studies [9, 10] , where the q 3 and q 4q wave functions have been derived partly.
The paper is organized as follows. In Sec. II the properties of the characters of the S 4 permutation group are applied to work out all the possible configurations of color, flavor, spin and spatial degrees of freedom of q 4q states, and the explicit forms of pentaquark wave functions are derived in the form of Yamanouchi basis for various configurations. The spatial wave functions of various symmetries are constructed to high orders in the harmonic oscillator interaction. In Sec. III we apply the spatial wave functions constructed in Sec. II as the complete basis, to evaluate the low-lying light pentaquark mass spectrum in the constituent quark model, where a hamiltonian including a Cornell-like potential and onegluon exchange contribution as hyperfine interaction is employed and all model parameters are predetermined by comparing the theoretical and experimental masses of low-lying q 3 baryons. A summary is given in Sec. IV.
II. GROUP THEORY METHODS

A. Color-spin-flavor wave function
The construction of q 4q states follow the rules that a q 4q state must be a color singlet and the q 4q wave function should be antisymmetric under any permutation between identical quarks. The permutation symmetry of the four-quark configuration of pentaquark states is characterized by the S 4 young tabloids [4] , [31] , [22] , [211] , [1111] . The pentaquark should be a color singlet demands that the color part of the pentaquark wave function must be a [222] 1 singlet. Since the color part of the antiquark in pentaquark states is a [11] 3 antitriplet, the color wave function of the four-quark configuration must be a [211] 3 triplet. The total wave function of the four quark configuration is antisymmetric implies that its spatial-spin-flavor part must be a [31] state by conjugation.
The algebraic structure of multiquark state consists of the usual spin-flavor and color algebras SU sf (6)⊗SU c (3) with SU sf (6) = SU f (3) ⊗ SU s (2). The 4-quark state |q 1 |q 2 |q 3 |q 4 form a m 4 dimensional direct product basis of SU (m) (m = 3, 3, 2 for the color, flavor, and spin), which can be decomposed according to the S 4 permutation group.
The orthogonal theorem in group theory leads to the property for the characters of a group [12] ,
where g are group elements, χ(g) are the characters of a product (reducible) representation of the group and χ (β) (g) are the characters of the irreducible representation labeled by β. From the above equation, one gets
Here we have used the fact that the finite group G = {g} of order n has r conjugacy classes C i (i = 1, 2, ...r) and the numbers of the elements in the conjugacy class C i is ρ i . For the S 4 group of order n = 24 there are five conjugacy classes: (e), (ij), (ij)(kl), (ijk) and (ijkl).
The character values of all five C i of the S 4 group are presented in Table I for all irreducible representations. By applying Eq. (2), one gets all the spatial-spinflavor configurations and spin-flavor configurations of the q 4 cluster of pentaquarks, as shown in Table II and Table  III , respectively, (e) 1 1 3 2 3 1 The total wave function of the q 4 configuration may be written in the general form
with where ψ c , ψ osf , ψ sf , ψ s and ψ f are respectively the color, spatial-spin-flavor, spin-flavor, spin and flavor parts of the q 4 cluster. S, A, ρ, λ, η stand for fully symmetric, fully antisymmetric, ρ-type, λ-type and η-type functions. The coefficients in Eqs. (3) and (4) can be determined by acting the permutations (12), (23) and (34) of the S 4 group on both sides of the general wave functions. The fully antisymmetric wave function for the q 4 configuration is worked out,
The detailed configurations of the spatial-spin-flavor as well as spin-flavor wave functions are worked out in the form of Yamanouchi basis, as shown in Appendix I. The explicit forms of the color, spin, flavor wave functions of pentaquarks are specified in the previous studies (see, Ref. [9, 10] ).
B. Spatial wave function
We construct the spatial wave functions of the q 4q pentaquark systems in the harmonic oscillator potential for the quark-quark interaction. The relative Jacobi coordinates and the corresponding momenta may be defined respectively as,
where u i are the reduced quark masses defined as,
where r j and m j are the coordinate and mass of the j th quark. We assign x 1 , x 2 , x 3 , and x 4 to be ρ, λ, η and ξ Jacobi coordinates, respectively.
We start from the q 4 cluster. The q 4 spatial wave function, coupling among the ρ, λ and η harmonic oscillator wave functions, may take the general form,
where ψ nilimi are just harmonic oscillator wave functions, the sum
′ , and M ′ are respectively the total principle quantum number, total angular momentum and magnetic quantum number of the q 4 cluster. One has The spatial wave function of pentaquark states is simply the product of the q 4 wave function and the harmonic oscillator wave function for the fourth Jacobi coordinate, ξ where the antiquark is assigned the coordinate r 5 . The permutation symmetry of pentaquarks is simply represented by the q 4 cluster since the ψ n ξ ,l ξ ( ξ) is fully symmetric for any permutation between quarks. The total spatial wave function of pentaquarks may take the form,
where ψ n ξ ,l ξ ( ξ) are the harmonic oscillator functions for the Jacobi coordinate ξ, [X] y stand for all possible permutation symmetries of the q 4 cluster, that is,
and M are respectively the total principle quantum number, total angular momentum and magnetic quantum number of the pentaquark, with
In principle, one can construct the spatial wave functions of pentaquarks to any order by applying the representation matrices of the permutations of the S 4 group to the general form in Eq. (8). Though we have been dealing with a system where the quark-quark potential is the harmonic oscillator interaction, the spatial wave functions grouped in this work according to the permutation symmetry can be employed as complete bases to study a system with other interactions.
III. NUMERICAL CALCULATIONS OF PENTAQUARK MASS SPECTRUM
We apply, as complete bases, the full wave functions of pentaquarks worked out in the previous section to study the pentaquark system described by the Hamiltonian,
,
where A ij and B ij are mass dependent coupling parameters, taking the form,
with m ij being the reduced mass of i th and j th quarks, defined as m ij = The model parameters are determined by fitting the theoretical results to the experimental data of the mass of the 8 baryon isospin states, namely,
and Ω − (1672) as well as the first radial excitation state N (1440) (Roper resonance) and a number of orbital excitation l = 1 and l = 2 baryons. All these baryons are believed to be mainly 3q states whose masses were taken from Particle Data Group [13] . The model parameters are predetermined as
The Schrödinger equation for the pentaquark systems described by the Hamiltonian in Eq. (11) is solved numerically by expanding the pentaquark wave functions in the completed bases presented in Appendix II and III. For the ground state pentaquarks, one may not expect any orbital excitation, and hence the spatial wave functions should be fully symmetric. Therefore, the spatial wave functions of pentaquarks states may be expanded
The mass spectrum of the ground state q 3 ss pentaquarks are presented in Table IV . In the work we have worked out all the spatial-spinflavor as well as spin-flavor configurations of pentaquark systems, and derived explicitly the spatial-spin-flavor as well as spin-flavor wave functions. Spatial wave functions of various permutation symmetries have been constructed for the pentaquark systems where the quarkquark interactions are in the harmonic oscillator type. The constructed spatial wave functions can serve as complete bases for studying systems in other interactions. As a simple application, the q 3 ss pentaquarks in more realistic potentials are studied, and the masses of the ground states are accurately evaluated.
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In this appendix we list explicitly the spatial-spin-flavor as well as spin-flavor wave functions for all the configurations in Table II and Table III 
, and OF S [X] in the content below stand respectively for the spatial, flavor, spin, spin-flavor, and spatial-spin-flavor symmetries. OF S [31] 
C nρ,lρ,n λ ,l λ ,nη ,lη ψ(nρ, lρ, n λ , l λ , nη, lη) 000 (1, 0, 1, 0, 0, 0),
(1, 0, 0, 0, 1, 0), (1, 0, 0, 0, 1, 0),
(1, 0, 0, 1, 0, 1) (1, 0, 0, 0, 1, 0),
(1, 0, 1, 0, 0, 0), 
C nρ,lρ,n λ ,l λ ,nη ,lη ψ(nρ, lρ, n λ , l λ , nη, lη) (1, 1, 0, 0, 1, 1),
(1, 1, 0, 1, 1, 0),
(1, 1, 1, 0, 0, 1),
(1, 1, 1, 1, 0, 0), (1, 0, 0, 0, 2, 0),
(1, 0, 0, 1, 1, 1),
(1, 0, 1, 1, 0, 1),
(1, 0, 2, 0, 0, 0),
(2, 0, 0, 0, 1, 0),
(2, 0, 0, 1, 0, 1),
(2, 0, 1, 0, 0, 0), (0, 0, 3, 0, 0, 0),
(1, 0, 0, 0, 2, 0),
(1, 0, 2, 0, 0, 0), (0, 0, 3, 0, 0, 0),
(1, 0, 2, 0, 0, 0), − (1, 0, 2, 0, 1, 0), (1, 1, 0, 0, 2, 1), 10 221 (1, 1, 0, 1, 2, 0), 10 221 (1, 1, 1, 0, 1, 1),
(1, 1, 1, 1, 1, 0), 
C nρ,lρ,n λ ,l λ ,nη ,lη ψ(nρ, lρ, n λ , l λ , nη, lη) (1, 0, 0, 0, 3, 0),
(1, 0, 0, 1, 2, 1), 10 221 ( 1, 0, 1, 1, 1, 1 
C nρ,lρ,n λ ,l λ ,nη ,lη ψ(nρ, lρ, n λ , l λ , nη, lη) (1, 0, 2, 0, 2, 0),
(1, 1, 2, 1, 1, 1),
(1, 0, 3, 0, 1, 0), C nρ,lρ,n λ ,l λ ,nη ,lη ψ(nρ, lρ, n λ , l λ , nη, lη) (1, 0, 0, 1, 0, 0), C nρ,lρ,n λ ,l λ ,nη ,lη ψ(nρ, lρ, n λ , l λ , nη, lη) C nρ,lρ,n λ ,l λ ,nη ,lη ψ(nρ, lρ, n λ , l λ , nη, lη) (1, 1, 1, 1, 0, 0), 
